History of the search for the area under the hyperbola y = 1/x
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In the 1600s mathematicians solved many long-standing problems of the areas under many curves using the formula well-known to beginning calculus students. The general rule of antiderivatives, 
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was known to mathematicians before the calculus was invented. However, one curve that eluded the use of this rule, of course, was the hyperbola 
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 because the expression 
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 would appear. It obviously had an area under the curve, but how to find it?

You already know one way to approximate the area under this curve between 1 and 2 using rectangles:
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	What do you get for the sum of the areas of these 5 rectangles?

Ans: (0.2)[(5/6) + (5/7) + (5/8) + (5/9) + (1/2)] =  0.6456



 and even more accurately:
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	What do you get for the sum of the areas of these 10 rectangles?

Ans: (0.1)[(10/11) + (5/6) + (10/13) + (5/7) + (10/15) + (5/8) + (10/17) + (5/9) + (10/19) + (1/2)] = .6688



Hint: after finding the “right hand” values (where the right edge of the rectangle touches the curve) find the “left hand” sum (you drop the last one and use the value for x = 1 instead). Average the left and right sums and you’ll be pretty close.

Ans: (0.1)[1 + (10/11) + (5/6) + (10/13) + (5/7) + (10/15) + (5/8) + (10/17) + (5/9) + (10/19)] = .7188

 (.6688 + .7188)/2 = .6938. [Actual value of ln2 = .6931]

Back to our history lesson. The answer came in the 1600s when Isaac Newton moved the curve to the left one unit and made it look like this:
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This is the curve 
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This made him think of the binomial expansion (a + b)n. A helpful tool in coming up with the terms of the expansions (a + b)2, (a + b)3, and so on was Pascal’s Triangle. (It was known to the Indians and the Chinese long before Pascal’s time, but his name is attached to it in the West.) It looks like this:

	1
	
	
	

	1
	1
	
	

	1
	2
	1
	

	1
	3
	3
	1


The rule is this: a number is added to the number to the right and the sum is entered in the space below. In the fourth row, the leading 1 would be added to the 3 next to it, and a 4 would go below the 3, like this:

	1
	
	
	
	
	(a + b)0 = 1

	1
	1
	
	
	
	(a + b)1 = 1a + 1b

	1
	2
	1
	
	
	(a + b)2 = 1a2 + 2ab + 1b2

	1
	3
	3
	1
	
	(a + b)3 = 1a3 + 3a2b + 3ab2 + 1b3

	1
	4
	6
	4
	1
	(a + b)4 = 1a4 + 4a3b + 6a2b2 + 4ab3 + 1b4


This becomes very helpful in finding expansions of large n’s like (a + b)9. The 10th row would be 1, 9, 36, 84, 126, 126, 84, 36, 9, 1. Those numbers would show up as below:

(a + b)9 = a9 + 9a8b + 36a7b2 + 84a6b3 + 126a5b4 + 126a4b5 + 84a3b6 + 36a2b7 + 9ab8 + b9

Newton showed his genius by expanding Pascal’s Triangle in the other direction. Above the first row would obviously be a 1, but what about the rest of the row?

	1
				
	1
	1
			
	1
	2
	1
		
	1
	3
	3
	1
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	6
	4
	1


	
	First add zeros to all the empty spots.

	1
1
1
1
1
2
1
1
3
3
1
1
4
6
4
1

	Now if we extend the pattern up one row, what do we get in the top row?


	1
				
	1
	0
	0
	0
	0

	1
	1
	0
	0
	0

	1
	2
	1
	0
	0

	1
	3
	3
	1
	0

	1
	4
	6
	4
	1


	
	What do we add to the top 1 to get the zero in the second row? Enter it in the first empty cell in the top row.
Ans: -1


	1
				
	1
	0
	0
	0
	0

	1
	1
	0
	0
	0

	1
	2
	1
	0
	0

	1
	3
	3
	1
	0

	1
	4
	6
	4
	1


	
	Now what do we add to the number we just entered to get the zero in the second row? Enter that in the next empty cell.
Ans: 1

	1
-1
1
-1

1
1
0
0
0
0
1
1
0
0
0
1
2
1
0
0
1
3
3
1
0
1
4
6
4
1

	
	The process repeats itself until we have a row of _________? When does the row end?
Ans: Unending row of alternating ones and negative ones.

	1
-1

1
-1

1

1
0
0
0
0
1
1
0
0
0
1
2
1
0
0
1
3
3
1
0
1
4
6
4
1

	
	This enabled Newton to come up with an infinite series for the expansion of 
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Fill in the blanks below:
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Ans:
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	Use the infinite series you just found to approximate some numbers. You’ll find that if x is larger than 1, the numbers just keep getting bigger and your results aren’t accurate. But try values of x between 0 and 1 and you’ll find it’s quite accurate:
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Ans:
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Using only 6 terms, the approximation should be within 1% error.
Ans: (3/2)-1 = 2/3 = 0.666


Now you can take the antiderivative of each term in the series to approximate the area under 
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. Fill in your answers:
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Ans:
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Ans:
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Use Excel or Java to calculate values of this infinite series by making the computer add thousands of terms. I suggest you fill in this table with what you calculate:

	x
	0.1
	0.2
	0.3
	0.4
	0.5
	0.6
	0.7
	0.8
	0.9
	1

	f(x)
	0.095310
	0.182322
	0.262364
	0.336472
	0.405465
	0.470004
	0.530628
	0.587787
	0.641854
	0.692966


Since the curve is moved to the left one unit, the value we’re really looking at is not a function of x between 0.1 and 1, but rather between 1.1 and 2. Graph the points on this grid:

Remind you of any functions? Try some out!

Answer:
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Ans: It’s an exponential curve between log2x and log3x as seen in the graph below:
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But what is this number? Well, in the early days of financial mathematics, the formula for compound interest was discovered:



where A is the current value of the investment, P is the original principal, r is the rate of interest, n is the number of compoundings per year and t is the number of years. Now imagine investing $1 at 100% APR interest rate (!) for 1 year compounded continuously (n = a million? A trillion?) What’s your estimate? Ans: Students might think it reduces to $1 or explodes to a million dollars. Calculate how much you would make. 

Ans: 1(1 + 1/1,000,000,000)1,000,000,000(1) = 2.7182818284… = e
A = P(1 + r/n)nt
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